Lecture 10: Increasing linearly independent sets, basis,
and dimension
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Theorem:

Let {v4, ..., v;p} LI and consider span{v, ..., v, }
Then,

{v,v4, ..., v} LI <=>v & span{vy, ..., v}

PROOF
"=>" By observation 8 (last lecture), none of v, v ,...,v is contained in the span of
the remaining ones. In particular, v is not.
"<="Considerav + ayv; + -+ apv,, = 0. Ifa # 0,thenv = —%vl — =
m .,
a m
This is not possible, so a = 0.But, since {vy, ..., v,,, } is linearly independent,

a; =--=ay=0.

NOTE: We can increase any linearly independent set as long as it does not already
span the vector space.
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Examples: 1e8?
a) P,:{x?1+2x} LI {

\
because:

ax? +b(2x+1) =ax?+2bx+ b =:p(x) =0
If a # 0, then p(x) could have at most two roots. So,a = 0. Moreover p(0) =
b.Sob = 0.

x3 & span{x?,1 + 2x}
Hence, {x3,x2%,1 + 2x} islinearly independent.
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because: \
1 0 0 1 b 0 0
ak d+bo 0=m d=h 0

This only works witha = b = 0.
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Hence,{(l) 8],[8 (1)],[3 (1)} is linearly independent.

o R* {(1,21,1),(1,356)} LI
(1,0,0,0) ¢ span{(1,2,1,1),(1,3,5,6)}
because
(1101010) = a(llzllll) + b(1131516) l = a.\»‘,
0 =2a*3%) contt
0:=a+ShH
0 =a+ub

Hence, {(1,2,1,1),(1,3,5,6), (1,0,0,0)} is linearly independent.
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The most difficult part of this process is finding a vector that is not an element of
span{...}

9 Basis and Dimension
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Chapter 8 Recap
e Any linearly independent spanning set can be reduced by removing a vector
that's in the span of the rest.
¢ Any linearly independent set in a space W can be increased by adding a
vector that isn't in the span of the rest of the vectors (in other words: by
adding a vector that is not a linear combination of any of the other vectors
in the set)

Theorem relating linearly independent sets to spanning sets
If S is a spanning set, any larger set (containing S) must be linearly dependent.
e je.if a vector space V can be spanned by n vectors, any LI subset has at most
n vectors
e ie.if Vhas a subset of m linearly independent vectors, then any spanning set
has at least m vectors
e ie. the size of any linearly independent set in V < the size of any spanning
setof V
o this theorem applies to any vector space, including subspaces

A basis of Vis defined as any linearly independent spanning set in V, while the
dimension of V, denoted dim(V), is defined as the number of elements in any
linearly independent spanning set (any basis) of V.

Examples:
a) R3 = span{(1,0,0),(0,1,0),(0,0,1)}
a. any LI set in R3 has at most 3 vectors, so any set in R® with at least 4
vectors is linearly dependent.

b) MZZ([R)zspan{[(l) 8]’[8 (1)]'(1) 8]'[8 (1)]}

a. any LI set in M,,(R) has at most 4 vectors. Any set in M,, (R) with at
least 5 vectors is linearly dependent.
c) U={(xy0)]|xy €R}=span{(1,0,0),(0,1,0)} € R3
a. any Ll setin U has at most 2 vectors, even though there are linearly
independent sets with 3 vectors in the surrounding space R3

Lectures Paqge 2



